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A Bayesian Approach to Information Fusion for
Evaluating the Measurement Uncertainty

Klaus-Dieter Sommer, Olaf Kuehn, Fernando Puente Leon, Bernd R. L. Siebert

Abstract - The Bayesian approach to uncertainty evaluation is
a classical example for information fusion. It is based on both,
the knowledge about the measuring process and the input
quantities. Appropriate probability density functions for the
input quantities may be obtained by utilizing the principle of
maximum information entropy and the Bayes theorem. The
knowledge about the measurement process is represented by the
so-called model equation which forms the basis for the fusion of
all involved input quantities. Compared to the ISO-GUM
procedure, the Bayesian approach to uncertainty evaluation
does not have any restriction related to nonlinearity and
determination of confidence intervals.

I.  INTRODUCTION

he concept which, in accordance with the “Guide to the

Expression of Uncertainty in Measurement” [1] (here
denoted as ISO-GUM), underlies the modern evaluation of
measurement uncertainty is based on both, the available
information about the measuring process and the (input)
quantities and parameters that have influence on the value of
the measurement result. The knowledge about the measuring
process is to be condensed to the so-called model equation
(fusion model). It mathematically represents the interrelation
between the measurand Y and the involved input quantities

X,,...., X, and their values respectively:

Y=f,(X,..X),
7= fu (Genéy)-

(1a)
(1b)
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Therefore, the model equation might be understood as
fusion model of the relevant input quantities.

Moreover, because it is presumed to represent the
relationship between the input quantities and the measurand
unique and completely, it additionally covers the scaling of
the input quantities.

Any information about these input quantities is to be
weighed as more or less relevant and reliable by assigning

appropriate probability density functions (pdfs) g (5) to

them, where & are the possible values of X, . In accordance

with the Bayesian concept [2-6], a pdf represents the state of
knowledge about the individual input quantity whence ever
this knowledge is descended from.

The expectation value of a pdf, x, = E[.X,], is taken for

the best estimate of the quantity and the standard deviation of
the pdf is taken as the standard uncertainty associated with

Var[X].

the above expectation, u , =

II. BAYESIAN DESCRIPTION OF KNOWLEDGE ABOUT INPUT
QUANTITIES

The state-of-knowledge pdf for any input quantity X; may
be obtained by utilizing the principle of maximum
information entropy (pme) [2-3] that, for example, yields
e a rectangular pdf if one knows that the values & of the

quantity X; are contained in an interval (practical
examples: given tolerances or error limits, digital
resolution),

e a Gaussian (normal) pdf if one knows the best estimate
x~= E[X;] and the associated standard uncertainty u,; of the
quantity X; (practical examples: statement of a calibration
result, result of a statistical analysis expressed by a mean
and a standard deviation).

If new or additional information /,, particularly in terms of

measured data of the measurand, is available, the change of a
(possibly) given prior pdf is described by the Bayes theorem

[2-6]: The posterior pdf g( & |12,Il)taking account of new

data I, results from the prior information 7, as



a) b)

Measurand Measurement process Measurement
X Assignement: X > O result

. possible observations [Calculus,
X > Test
p values ¢ R Report
~ 10mm
vague prior
knowledge . ' _ l(@\Q,I])zth 5,11)
Prior pdf: Likelihood: Posterior pdf: (frequency distribution
gx (€[1) I(lo. 1) gx(¢lo.1) for 0 [5))

Fig. 1. Illustration of Bayesian inference in measurement: a) Measurement process.b) Probabilistic description of the state of knowledge. Symbols:
g(flll) — prior pdf representing vague prior knowledge /; about the measurand, e.g. the nominal value and given error limits for the measurand;

l(le,Il) — likelihood representing the measuring process with the observed quantity Q ; g(§|Q,11) — posterior pdf representing the available

knowledge inferred from the likelihood and the prior pdf; 4 (Q |§, I ) — frequency distribution for the quantity Q

product of a normative constant C, the Likelihood interpreted as being proportional to the Likelihood
l(§ |I1 , 12) and the prior pdf: function l(w, o, |Q) that is
g(¢lr,.1)ds=c1(¢]1,.1,) g (s1)ds. @ 2(@,0,,0)
l@,0, ‘Q) x o, eXp| ——————— @)
. . 2
For a repeatedly observed quantity Q which reflects the
measurand X, the Bayesian approach is generally
illustrated in Fig. 1. It should be noted that this way to where
uncertainty evaluation is npt (yet) pa.rt of the ISQ-GUM , g -@ ’ n -z n-1,
procedure [1] but the Joint Committee for Guides in r = z - = (w —q) + s, |
Metrology of the Bureau International de Poids et Mesures =1\ 99 Oy n
(BIPM) is preparing further documents that are based , )
consistently on the Bayesian probability theory [7]. 5, = (n 3 1)71 ) z (qk 3 ;]) _and
k=1
III. REPEATED OBSERVATIONS - SN
o | g=n"'24,
Today, in practice, the prior knowledge about the k=1

measurand itself is usually neglected. In case of repeated

observations ¢,,...,q, of the quantity O, a Gaussian By multiplying equation (4) with the non-informative

Jeffrey’s prior, the joint posterior pdf is obtained [3; 8]:
probability model for any given datum ¢, yields [3-4, 8]: cffrey’s prior, the joint posterior pdfis obtained [3; 8]

2
: i o] L @o0)]
g(qk |ZU,O'Q)OC O'; - exp _M , 3) g(w:O-Q|Q)OCO_Q exXp 5

2UQ

Integration to d oy leads to the information pertaining to

where @ represents the possible values of O, and o, are )
the expectation for Q:

the possible values of the standard deviation associated
with Q. The above pdf may be assumed to be equal to the
frequency distribution for the observed data and is usually
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— -n/2

L@

(6)

g(a@,

where s(;]) = s(qk)-;f”2

Since the right-hand side of this equation corresponds to
a Student-t distribution, the new variable

= (Q - ;) s (;) is introduced [8].

tz -n/2
n—1 '
where ¢ are the possible Values of 7. Therefore, the best
estimate for Q, i.e. for the measurand, becomes

One obtains g (¢) o (1 +

g=E[0]=9="Y4, .

n

)

Due toVar[T]=(n—-1)(n-3)", the
uncertainty contribution” associated with the expectation
of the repeatedly observed quantity Q becomes [3, 8]

“Bayesian

n—1
Uy = m.S(qk) .

It should be mentioned that, for small numbers of
observations (7 < 20), this uncertainty contribution

significantly exceeds the so-called type-A uncertainty
calculated in accordance with the ISO-GUM [1]. The
GUM-type-A uncertainty, therefore, may be understood as
approximation for a sufficiently large number of
observations [10].

®)

IV. FUSION OF INFORMATION GIVEN FOR THE INPUT
QUANTITIES

It is the intrinsic purpose of the Bayesian approach to
uncertainty analysis to develop the joint posterior pdf for
the output quantity (measurand) which is compatible with
the given information about the (values of the) input
quantities and the measuring process.

g, (0. 1)< 1(&0.1) g(&|1). ©)
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where g(é) represents the state of knowledge about the

Sy -

Because of the interrelation of the input quantities (given
by the equations (la) and (lb)), a posteriori the input
quantities cannot be acknowledged as being independent.
This fact can be taken into consideration by writing the
Jjoint prior pdf as

values of the input quantities § = £ ,...

g(g|r)ec g, (8)-g, (&) [4.8], (10)

where g, (@) is the prior of the input quantities and

gy (5 ) the so-called model prior [9]. The model equation

itself may be obtained by systematically analyzing the
cause-and-effect chain of the measurement including all
relevant influences and disturbances [11-12].

For models of the formM (X)=Y-f, (X)=0, the
above model prior is equal to Dirac’s delta function [8]:
2w (&) =o[m(n)]. (11)

that “takes care” that only meaningful combinations of the
possible values of the input quantities are taken into
consideration (“filter function”).

Therefore the joint posterior pdf for the output quantity
becomes

|Q] :J- _I.gxn > 8 xn égla wéy ) (12)
S(1= fu (Goe&y))dE nd

Equation (12) is known as Markov formula. Since it can
be analytically computed in fairly simple cases only,
modern uncertainty evaluation utilizes Monte-Carlo
techniques as integration techniques for pdf propagation
[13-15].

Fig. 2 illustrates the fully Bayesian concept for
evaluating the measurement result and its associated
uncertainty.

V. EXPECTATION, UNCERTAINTY AND EXPANDED
UNCERTAINTY FOR THE OUTPUT QUANTITY
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Fig. 2. Generalized measurement process as Bayesian inference by means of model-based fusion of the state-of-knowledge pdfs for the input quantities.

Symbols: see text (depicted according to Beyerer [9])

From the pdf for the output quantity gy(r7|Q,I ), the

expectation value of the measurand y =E[Y] and its
associated uncertainty u = can be derived:

v = [g,@n)-ndn . and (13)
u, = \/ (g, -y)an . (14)

Since the Bayesian approach does provide the pdf for the
output quantity, the expanded uncertainty, i.e. a kind of
confidence interval for this input quantity, can easily be

derived as the minimum interval [U U P+] that meets the

following coverage probability condition:

Igy (77)d77_ ]gy (77)d77=P. (15)

Usually, this coverage probability P is set up to 0.95 at
minimum [1].

VI. LINEAR FUSION MODELS (LINEAR MODEL EQUATIONS)

In practice, users of a measurement result will often not
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be interested in the pdf for the output quantity Y but rather in
its expectation value y and the associated measurement

uncertainty u, (see equations (14) and (15)).

In case of linear systems or systems that can be linearized,
e.g. by first-order Taylor series expansion, these parameters
may also be computed in accordance with the ISO-GUM
method [1] which is based on Gaussian uncertainty
propagation: (see equations (13) and (14)).

y=Lf,(x500x,), (16)
N a : N-1 N a a

u = Z fM +2ZZA A » (17)
x|, Tmox | ax |

where y = E[Y]; u_ =u

Xixj Xi

cu (X X)) is the estimated
covariance of the quantities X, and X ;5 and r(X ;X /) is

the respective correlation coefficient.

It is a common experience that, in the majority of practical
uncertainty evaluations, the ISO-GUM procedure will
provide satisfying results. But besides nonlinearity, the
calculation of the expanded measurement uncertainty is a real
weak point of the standard concept. The problem is caused by
the fact that the standard procedure does not provide the pdf
for the output quantity and, therefore, the coverage factor
needed to calculate the expanded uncertainty is to be



determined on the basis of only vague information about this
pdf:

ky=U-u ) (18)
VII. CONCLUSION

It becomes clear that, independent on the calculus used
(Gaussian or Bayesian), for practitioners the key steps of
modern uncertainty evaluation are the compilation and
description of the knowledge about the measurement, the
modelling of the measurement and the assignation of an
appropriate pdf to each of the involved input quantities.

It can be concluded that the Bayesian approach allows for
stringently evaluating the measurement uncertainty. There are
no restrictions related to nonlinearity and determination of
the expanded uncertainty. On the other hand, with the
exceptions of evaluating the expanded uncertainty and
calculating the standard uncertainty from only a few repeated
observations, the ISO-GUM procedure is (for linearizable
systems) consistent with the Bayesian concept (see also [10]).

REFERENCES

[1] Guide to the Expression of Uncertainty in Measurement (GUM), First
edition, 1993, corrected and reprinted 1995, International Organization
for Standardization (ISO), Geneva, 1993 and 1995.

[2] Weise, K.; Woeger, W.. A Bayesian theory of measurement
uncertainty. Meas. Sci. Technol. 3(1992), 1-11

[3] Weise, K.; Woeger, W.: Messunsicherheit und Messdatenauswertung in
der Metrologie. WILEY-VCH, Weinheim, 1999

[4] Lira, I.; Woeger, W.: Bayesian evaluation of the standard uncertainty
and coverage probability in a simple measurement model. Meas. Sci.
Technol. 12 (2001), 1172-1179

[5] Sivia, D.S.: Data Analysis — A Bayesian Tutorial. Clarendon Press,
Oxford, 1996

[6] Estler, T.W.: Measurement as Inference: Fundamental Ideas. Annals of
the CIRP 48 (1999) 2, 611-632

[71 Bich, W.; Cox, M.G.; Harris, P.M.: Evaluation of the “Guide to the
Expression of Uncertainty in Measurement”. Metrologia 43 (2006) 4

[8] Lira, L: Evaluating the Measurement Uncertainty. Institute of Physics
Publishing Bristol and Philadelphia Ltd, 2002

[9]1 Beyerer, J.: The value of additional knowledge in measurement — a

Bayesian approach, Measurement 25 (1999) 1-7

Kacker, R.; Jones, A.: On Use of Bayesian Statistics to Make the Guide

to the Expression of Uncertainty in Measurement Consistent.

Metrologia 40 (2003), 235-248

Sommer, K.-D.; Siebert, B.R.L.; Kochsiek, M.; Weckenmann, A.: A

systematic approach to the modelling of measurements for uncertainty

evaluation. Journal of Physics: Conference Series 13 (2005), 7"

International Symposium on Measurement Technology and Intelligent

Instruments ISMTII 2005, Institute of Physics Publishing, 224-227

Sommer, K.-D.; Siebert, B.R.L.: Systematic Approach the Modelling of

Measurements for Uncertainty Evaluation. Metrologia 43 (2006) 4

Cox, M.G.; Siebert, B.R.L.: The Use of Monte-Carlo Method for

Evaluating Uncertainty and Expanded Uncertainty. Metrologia 43

(2006) 4

[12]

[13]

511

[14] Siebert, B.R.L.; Ciarlini, P.; Sibold, D.: Monte Carlo Study on Logical
and Statistical Correlation in Advanced Mathematical & Computational
Tools in Metrology V, edited by Ciarlini, P.; Filipe, E.; Forbes, AB.;
Pavese, F.; Perruchet, C. and Siebert, B.R.L., Series on Advancesrd in
Mathematics for applied Sciences, Vol. 57, World Scientific, New
Jersey, 2006, S. 235-244.

Siebert B.R.L.; Sommer, K.-D.: Weiterentwicklung des GUM und
Monte-Carlo-Techniken / New Developements of the GUM and Monte
Carlo Techniques. tm Technisches Messen 71 (2004), 2 (February
2004), 67 — 80 (ISSN 0178-2312)

[15]



	MAIN MENU
	PREVIOUS MENU
	---------------------------------
	Search CD-ROM
	Print


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 0
  /ParseDSCComments false
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo false
  /PreserveFlatness true
  /PreserveHalftoneInfo true
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 2.00333
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 2.00333
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.00167
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents suitable for export to IEEE PDF eXpress. May 2005. PaperCept.)
  >>
>> setdistillerparams
<<
  /HWResolution [600 600]
  /PageSize [612.000 792.000]
>> setpagedevice


